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Session 02 — Review of Vector Calculus

1. Vector and Vector Operations

0 Velocity Vector as the frequently used V = Lli - Vj + wk
0 Unit vectors ZA
0 Column format
0 Transpose of vectors %
[ The Magnitude of the vector

iy

T —
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1. Vector and Vector Operations

[l Sum of two vectors . :
Vi =uil+vyj+ wik

Vo = usi + vaoj + wok

} = vi+ Vo= (ur +w)i+ (vi +v)j+ (w1 +wr)k

uj up up + Up
Yi= | W1 Vo= |Wwm|=Vi+Vr=]|Vvi+Wm
wi 7%} w1 + w»p

[0 Multiplication of a vector by a scalar
sv = s(ui + vj + wk)

Su
= sui + svj + swk = | sv

SW
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1. Vector and Vector Operations

[0 The Dot Product of Two Vectors

—

Definition
The product is scalar
The basic definitions

Other Definition ¥i

Vector Magnitude using dot product

Vi - V2 = [[Vi[[[v2[lcos(vi, v2)

ii=j-j=k-k=1
i-j=i-k=j-i=j-k=k-i=k-j=0

- V) = (uli +viJ+ Wlk) - (uzi + vj + Wzk)

= Uiy + viva + wiwp

V]| = vV -V = Vu?+12+ n?
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1. Vector and Vector Operations

[l The Unit Direction Vector

Vi - V2 = [[Vi[[[v2[lcos(vi, v2)

[ A unit vector ev in the direction of v can be derived from the definition of
the dot product as

=1 )
v-v=|[vl[lvlicos(v,v) = V]| = v -1 = [|¥]

v-ey = [|v]||e]| cos(v,ev) = [[v]| = v e = [|v]
~— 4

"

=1 =1 y,
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1. Vector and Vector Operations

0 The Cross Product of Two Vectors V3] = |lvi x vaf| = ||vi||||v2|||sin(vy, v2)|,

[ Basic Characteristics:

ixi=jxj=kxk=0 ixj=k=—-jxi v,=vV xV, area

Ixk=i=-kx] kxi=j=—-ixk |
A v /‘|V3M=”V1||HV2”SIH(0‘)
>
(04
A R
vy
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ixXi=jxj=kxk=0 ixj=k=—jxi

1. Vector and Vector Operations jxk=i=—kxj kxi=j=—ixk

Vi X Vo = (u1i+v1j—|—w1k) X (u2i+V2j+W2k)
:uluziXi+u1V2in+u1W2iXk

[l The Cross Product of Two Vectors

+ Vi) X 14+ vivmj X j+viwj X K

+wimKk X 1+ wink X j+wiwk x k
= u1ur0 + upvK + uywyr (—j)

+ viup(—K) + viv0 + viwsi

+ wiuzj + wiva(—i) + wiw,0

= (viwy — vowy )i — (uywy — upwy)j + (u1va — upvy )k

i ] k CVIWy — VoW
Vi X V) = | Uy Vi Wi | = Urwip — Uiws
2% Vo W9 Uivy — uUzvy

[ Or using Determinant
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1. Vector and Vector Operations

[ Scalar Triple Product

[0 Geometric Interpretation

(V1 . [Vz X V3]) = U VvV Wy
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1. Vector and Vector Operations (9 8

[ Gradient of a Scalar and Directional Derivatives
0 “nabla” Operator

0 Gradient of scalar s 8x ay 3_Z

directional ds

derivative = 57 = V* &

0 Projection of Vs in a certain direction s=s(x,.2)

ds |
5= Vs - e = ||Vs| cos(Vs,e) kA\/
. j
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1. Vector and Vector Operations

0 Example 01

Let f(x,y,z) =x*y+yz2+7x

(a) find Vf at point (3,2,0).
(b) find the derivative at point (3,2,0) along the direction (1,2,2).
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1. Vector and Vector Operations

[ Solution of Example 01

o _
5=

0
X e —f=y2+2xz
0z

(a) G _ 2xy -7
Ox

N — (2xy AF 22)i == (x2 4= 2yz)j =+ (y2 - 2xz)k
Thus
Vf|(3,2,0) — 12i + 9j + 4k
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1. Vector and Vector Operations
0 Solution of Example 01 (b) The unit vector along direction (1,2,2) is

li+2j+2k  li+2j+2k

el — —x
V12 +22 422 5
The derivative along the direction (1,2,2) is

daf

il — Vf| . @

dl (3,0 el

li +2j+ 2k
— (12i + 9 + 4k) - §'+

(12 + 18 + 8)/3 = 38/3
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1. Vector and Vector Operations

ou Ov Ow

[0 Operations on the Nabla Operator V + ¥ =—f 4
x Oy 0z
[ Divergence of a Vector . s Ps s
V-(Vs)zVs:a2 .
[ Laplacian of scalars and vectors Oy
0 Curl of a vector Voy= (Vzu)i + (Vzv)j + (Vzw)k

VXVZ(QI—I-(? a%k)><(ui-l—vj+wk)

O0x Hy
k
8| (D2, (220N, (2 20,
0z dy Oz dz Ox Ox Oy
W

ST

= %lo -
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1. Vector and Vector Operations

0 Example 02

Find the divergence of v = (u, v, w) = (3x, 2xy, 4z)

divergence of v is obtained as

V.V_au v Ow
COx  9Jy 0Oz
=3+2x+4

=7 + 2x
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2. Matrices and Matrix Operations

[l Definition.

[l Reduction to Vectors and Scalars ~L

[0 Transpose of a Matrix ~ [ i}

[l Addition and Subtraction 1 ~{ B A a, 4, 4,

[ Multiplication by a Scalar a a a

0 Matrix Multiplication 2 s & ¥ — = = P = [aij:|
3 0O 12 -2 &, ', a
4 3 6 3

A = [a,]] = sA = [sa,-j] - - | a41 a42 a43 |
X i §
pij =) _auby A= lg] = A" = |a]

k=1
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2. Matrices and Matrix Operations

0 Square Matrix dj; — —dj
0 Main Diagonal D © e 0

0 Symmetric Matrix [— O 1 0 O

0O 01 O

[ Special Matrices 00 0 1]
0 Identity Matrix A_IA — AA_1 — 1

0 Upper and Lower Triangular Matrices
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2. Matrices and Matrix Operations

[0 Using Matrices to Describe Systems of Equations

ang, +and, +aizd; + ... +angy = by
a) @, + and, +ayd;+ ...+ andy = b
az ¢y + ax¢, +azP; + ... +angy = bs

>
i

|

=

aN1¢1 25 aN2¢2 W aN3¢3 s A aNNd)N = by

fayy, ap aiz - o oain] @1 Tby T
Ay axp axp; -+ - AN % b
az] azxp a4z - s+ A3y R b3

Lay1 av2 anz -+ -+ anvd] Loy | by _
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2. Matrices and Matrix Operations

[0 The Determinant of a Square Matrix

[0 Order?2

A= = det(A) = ajjay — a1 air
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2. Matrices and Matrix Operations

0 Eigenvectors and Eigenvalues Ay — Jv = Av = Alv = (A — }VI)V — ()

A—I=0= det(A— ) =0

Ay — A apn apz aiN |
ar a». — A anj AL asN
as asp aszz —A - es asy

det : : : @ : =0
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2. Tensors

[ Stress Tensor

T Ty Tz

T = ity + [JTyy + IKTy + Jityy + JjTyy + jKTy, + KiTye + Kj7,y + kKT,

[ Dyadic product of a vector by itself

{vv} = (ui + vj + wk) (ui + vj + wk) )

= fiuu + ijuv + ikuw + U wy uw
e . ) » =>{vv}=|[w w ww
Jivu + jjvv + jkvw 4+ A i

kiwu + kKjwv + kkww i
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2. Tensors

[ Stress Tensor

[l Gradient of a vector

0 0
Oy

{Vv} = (8_xl I

Ov

—lla—-i-l
J@x

Ox

ou Ov

Yoy 0%

ou
ki— + Kj
18z+ B2

ov
0z

0 )
j—l—a—k) (ui + vj + wk)

ow

+ik—+

Ox
ow

B

Oy

ow
kk —
o 0z

b= VNP =

" Ou

O

Ox
ou

Ox

ou

ow

_ 0z

0z

07 -
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2. Tensors

[ Stress Tensor
[0 Dot product of a tensor by a vector
T + Nty +1KS + W -
Jityy + JKty, + Kit, + Kj7,y + KK7,,

T-v] = (rxxu + TyyV + Teew)i+ (ryxu + Tyv + tyzw) j+ (‘szu + 15V + rzzw)k

- (ui 4 vj + wk)

t-v] =

T_xx Txy sz u Txxu W T_xyv ¥ szw
[T 2 V] — Tyx Tyy Tyz \ Y% — Tyxu ¥ Tyyv N Tyzw
T Ty T | | W | Tl F BV b T
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2. Tensors

[ Stress Tensor

[0 Divergence of a Tensor

{07y . OT | 07, : Oty . dt,, . Dy Ve
v Tl_(@x Cdy 82)1' <8x 9y 0Oz )

(Ot 0Ty, 0Ty K
I 8x I ay I az
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2. Tensors

[ Stress Tensor

[0 Double Dot product of two tensors

(t:VV)z(

ity + 1jTyy + 1KT,, +
jiTyx " jjTyy + jkTyz +
kit,, + Kjt;, + kK7,

) |

ua—+1
Jx ']

Jl@_i_.].]
By

V

8v
3y

\kl k‘laz kka_z/

+ Tyx

ov 8v ow
—I-‘cyyay (1 57 + T —— o

ov
Ox

ow
T By

+ e

0z



Session 02 — Review of Vector Calculus

3. Fundamental Theorems of Vector
Calculus

[ Gradient Theorem for Line Integrals

It relates a line integral to the values of a function at its Az
endpoints

E(Z) = Elx(1),3(1), 2(7)] To¥ a<t<b

r(t)

r(b)

/ Vs -dr = s(r(b)) — s(r(a)) r(a) R
€
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3. Fundamental Theorems of Vector
Calculus

[ Green’s Theorem
It expresses the contour integral of a simple closed C

curve Cin terms of the double integral of the two
dimensional region R bounded by C

j’{ (udx + vdy) = / / (@ = @> dxdy

dr=ddi+dyj v=uitvj dS=dxdk

]{v-dr:/R[va]-dS Pe -

C
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3. Fundamental Theorems of Vector
Calculus

[l Stoke’s Theorem

It is a higher dimensional version of Green’s Theorem

/[va]-dS:]{v-dr
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3. Fundamental Theorems of Vector
Calculus

[0 Divergence Theorem

It implies that the net flux of a vector field through
a closed surface is equal to the total volume of all
sources and sinks (i.e., the volume integral of its
divergence) over the region inside the surface.

/(V-V)dV:j{v-ndS

V S
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3. Fundamental Theorems of Vector
Calculus

[ Leibniz Integral Theorem

The first term on the right side gives the
change in the integral because / is changing
with time t, while the second and third terms
accounts for the gain and loss in area as the
upper and lower bounds are moved,
respectively.

b(t) b(t)

% / S — / %—‘fdx+ ?(b(t),t)g—i—ip(a(t),t)@

85
a(t) a(t) : M
3 - TermlIl Term 11l

¢(x,t)

Term Il

Terml

TermlIl

~Y

b(t) b(r+Ar)



Thanks for your
time and attention



